J. Fluid Mech. (1979), vol. 94, part 3, pp. 417-495 477
Printed in Great Britain

The dynamics of the head of a gravity current
advancing over a horizontal surface
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The motion behind the head of a gravity current advancing over a no-slip horizontal
surface is a complex three-dimensional flow. There is intense mixing between the
current and its surroundings and the foremost part of the head is raised above the
surface. Experimental results are obtained from (i) an apparatus in which the head
is brought to rest by using an opposing flow and a moving floor and (ii) a modified lock
exchange flow. The dimensionless velocity of advance, rate of mixing between the
two fluids and the depth of the mixed layer left behind the head and above the following
gravity current are determined for an extended range of the dimensionless gravity
current depth. The mixing between the two fluids is the result of gravitational and
shear instabilities at the gravity current head. A semi-empirical analysis is presented
to describe the results. The influence of Reynolds number is discussed and comparison
with a documented atmospheric flow is presented.

1. Introduction

Gravity-driven currents (density currents or buoyancy currents) occur in many
natural and man-made situations. They occur in the ocean where the flow is driven by
salinity and/or temperature inhomogeneities or as turbidity currents on the ocean
floor, the density difference being supplied by suspended particles (Allen 1971). In
the atmosphere, sea-breeze fronts (Simpson, Mansfield & Milford 1977) and thunder-
storm outflows (Lawson 1971 and Hall, Neff & Frazier 1976) are gravity currents of
cool air while powder-snow avalanches consist of snow-laden air. Oil spillage on the
sea surface (Hoult 1972), spreading of hot water discharged from power stations and
the accidental release of dense industrial gases are a few of many industrial problems
in which gravity-driven flows are important. In the study of such flows, whether re-
stricted to a parallel-sided channel or not, understanding the dynamics of the head of
the gravity current is important, and it may set a necessary boundary condition on
the flow which follows it.

The shadowgraph in figure 1 (plate 1) displays some of the essential features of the
head of a gravity current advancing along a horizontal surface. The current, about
1%, denser than its surroundings, is visible beneath the dark horizontal line. It has
nearly constant depth, &,, of 1 cm and the total depth, &,, of the two fluids is 15 cm.
The head is travelling to the right with a velocity U, and the foremost point, indicated
by an arrow, is slightly elevated above the surface. There is intense mixing between
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the two fluids near the leading edge of the gravity current, the mixed fluid being left
behind the head above the following gravity current. The depth of this layer, Ag, i8
about 3 cm.

In this paper we investigate the dependence of the velocity of advance of the gravity
current head, Uj, on the densities p, and p; of the two fluids, the length scales &, and
h, and the acceleration due to gravity, g. Since p, ~ p, in the class of flows we are
considering, we can introduce the Boussinesq approximation to reduce the variables
(P1:P2:9) to g’ = (03— p1)9/pP1-

We quantify the observed mixing between the two fluids, that is, the volume flux
per unit width, @, of dense fluid mixed out of the gravity current head and we also
measure the vertical extent, k;, of the mixed fluid above the following flow. We
seek, as functions of the fractional depth k,/k,, three dimensionless variables which
together characterize much of the dynamics and structure of the gravity current head,
U,/(g’h)}, Qg /U3 and hy/h,. No dependence on Reynolds number is introduced as
we believe that the influence of viscous forces is not important at the Reynolds num-
bers of interest. (This point is pursued further in §5.)

Several previous experimental studies of gravity current heads have used a lock-
exchange flow (O’Brien & Cherno 1934; Keulegan 1957; Yih 1965; Barr 1967) in
which a vertical gate separating salt and fresh water is opened suddenly and the salt
water flows under the over-riding fresh water. The flow is symmetrical when the
density difference is small and both upper and lower surfaces are rigid. Breaking
waves occur on the interface at the heads of the gravity currents and as the flow
develops the head no longer fills half the depth. In such lock-exchange experimenta
the velocity of the head rises from zero after removal of the gate and quickly attainsa
near-constant value ; however, when accurate measurements of the head are attempted
it becomes clear that the head is not in a steady state. During an experiment the
velocity of advance of the head, the depth of the flow behind the head, the height of
the head and the density difference between the head and its surroundings may all
slowly vary. Although the lock-exchange flow reduces the independent variable k,/h;
to a dependent variable of limited range, measurement of the rate of advance of the
head and corresponding length scales are easily made up using a lock exchange and in § 2
we describe a modified procedure in which #,/k; may be varied over an extended range.

To avoid some of the restrictions imposed by the lock exchange flow, an experimen-
tal flume with a moving floor was used to investigate the behaviour of the heads of
gravity currents of saline solution moving horizontally through water. The heads
were brought to rest by varying the value of the opposing flow and the equal floor
speed. This arrangement is equivalent to the gravity current head in a lock exchange
flow viewed in co-ordinates moving with the head. Examination of gravity current
heads in a steady state makes it possible to measure with greater confidence the effects
of a variation in both the depth of the flow behind the head and the total depth of
the two fluids on the rate of advance and on the structure of the head.

The experimental technique of holding the gravity current head stationary in
laboratory co-ordinates was exploited by Britter & Simpson (1978). In that paper
(henceforth referred to as BS) experiments were described in which the influence of
the no-slip condition under the head was made negligible. The foremost point of
the head remained on the floor, and the shape of the head was generally similar to
that predicted by von Karmdn (1940) and Benjamin (1968) except that intense
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mixing was observed between the two fluids at the head; the mixing fluid being left
behind the gravity current head. The mixing between the two fluids, previously ig-
nored in analyses of the gravity current head, was included in an analysis in which
solutions were obtained for the Froude number, U,/(g'k,)}, and hy/k,, and a non-
dimensional rate of mixing at the head. It was found that the mixing mechanism was
quantitatively similar to Kelvin—-Helmholtz instability. Appeal to existing experi-
mental data on this instability led to solutions obtained without the need for inde-
pendent specification of the rate of mixing between the fluids. Good agreement was
obtained between analysis and experiment which, it is thought, are representative of
gravity currents running under a clean, free surface in the absence of significant
surface tension forces.

Gravity current heads advancing over a horizontal surface are subject to a no-slip
condition at the surface, which results in a complicated three-dimensional structure
of shifting lobes and clefts. Details of the evolution of this structure have been des-
cribed by Simpson (1969, 1972) and interpreted as a consequence of the grav1tatlonal
instability of the less dense fluid over-run by the gravity current head.

The light fluid is ingested underneath the gravity current head, rises due to gravita-
tional instability and is carried forward by motions inside the head, mostly in the
neighbourhood of the clefts. Studies with dye tracers led us to conclude that the depth
of the over-run less dense fluid is very small, about a tenth of the height of the foremost
point of the head, and the flux of light fluid flowing under the head is estimated to be
of the order of 0-01 of the flux of light fluid involved in mixing at the top of the head.
Though the momentum change of this fluid as it passes through the head isinsignificant
compared with other momentum changes near the head, it is essential for the lobe
and cleft formation and it affects the mixing process at the head. When the gravity
current head is advancing over a boundary with slip as in BS, the mixing process at the
head is due to the shear instability at the interface and subsequent growth to finite
amplitude billows. In the present experiments such an instability is still present
(figure 1) but is confused and complicated by the lobe and cleft structure resulting
from the gravitational instability of the over-run fluid. The shear instability is more
easily seen when slit lighting is used, rather than a shadowgraph, and has been photo-
graphed by Simpson (1969).

A two-dimensional mean head profile has been measured by Braucher (1950),
Keulegan (1958) and others and these all show the foremost part of the head slightly
elevated above the surface. Measurements of the Froude number U,/(g'k,)? for lock
exchange experiments are generally smaller than that predicted by the analysis of
Benjamin (1968) or of BS, and we shall follow up Benjamin’s (1968) comment that
this reduction in Froude number is a result of the raising of the stagnation point
(defined in a frame of reference moving with the head) above the surface. Introduction
of a two-dimensional model of the flow within the head with the stagnation point
elevated above the surface enables extension of the analysis used in BS to the head
of a gravity current moving along a no-slip surface. In this paper we present an ex-
tensive experimental study of gravity current heads with particular attention to
three important, but hitherto experimentally overlooked, aspects: the influence of
the fractional depth; the mixing between the two fluids at the head; and the elevation
of the foremost point of a head. Early analyses ignored all three aspects, while Ben-
jamin (1968) introduced the first and made passing reference to the latter two.
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F16URE 2. Apparatus for maintaining the head of a gravity current in a steady state. A metered
flow of water runs from the top reservoir on the left through a flow straightener into the working
section. The floor can be moved in the same direction, and the gravity current brought to rest.
The input of saline flow corresponding to the rate of mixing at the gravity current head is also
metered. The flow over the weir can be either drained or recycled.

2. Experimental apparatus and procedure

The apparatus used for some of the experiments to be described was designed and
built in order to study the behaviour of a gravity current head in as near as possible a
steady state. The general arrangement of the apparatus is almost identical with that
described in BS and is shown in figure 2. A steady current of water is pumped through
the working section, the floor of the tank is moved in the same direction in the form
of an endless belt and a saline flow is introduced at the downstream end. By suitable
selection of U,, the speed of both the opposing flow and the moving floor, it was possible
to bring the head of the saline flow to rest.

At a constant total depth of flow and with a constant input of saline solution in
any one experiment, it is easy to arrest the gravity current head and it is normally
brought to rest less than half way along the working section. The flow of dense fluid
behind the head is maintained against friction by a small slope in the density surface
and small changes in opposing flow and floor speed can be counteracted by a forward
or backward motion of the head. This leads to a change in %,, the depth of the dense
fluid immediately behind the head.

In each experiment the total depth, A,, is set up by the weir, and this can vary
between 6 and 12 em. A fixed rate of saline input, @ per unit width of tank, with
(p2—p1)/p, between 0-0037 and 0-03 is then established. When the front has been
brought to rest by selection of a suitable value of flow and floor speed U, (the avail-
able range is from 0 to 6 cm s7), the value of k, is recorded, either by marking on a
shadowgraph screen or by photography.

In each case we measured the total head height, &, + &,, that is, the height from the
ground to the top of the billows forming on the head before they began to break up
and lose a clear outline. It was found that the depth of the mixing layer behind the
head was equal, within the limits of experimental accuracy, to the height of the
top of the billow region above the dense layer.
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Mean velocity measurements were made using a DISA hot-film probe with a DISA
constant temperature anemometer. Care was taken to reduce the error due to tem-
perature sensitivity of the probe. Mean velocity measurements were accurate to
within 5 9, for velocities greater than 1 cm/s. Mean salinity measurements were made
with a conventional conductivity meter based on a design of the Hydraulic Research
Station at Wallingford, England. These measurements are accurate to within 59,
also. The profiles of velocity and salinity were made between 10k, and 15k, behind
the foremost part of the head. Further details of the monitoring of the flows and of the
accuracy to be expected in the results are dealt with in BS and will not be repeated here.

Figure 3 (plate 1) shows a photograph of a typical gravity current head with
(P2 — p1)/p1 = 0-0074 brought to rest in a flow of total depth 8 cm. The floor and flow
speeds are identical; this flow corresponds to a gravity current moving forward into
calm surroundings, and billows resembling Kelvin-Helmholtz billows can be seen
forming on the head. The height %, is taken as the lowest dark horizontal line as soon
as it becomes clearly marked behind the area of the head, and this was found to be
consistent with the velocity measurements made with the hot-film probe and the
salinity measurements. In practice it was found easier to determine the value of 5,
from the shadowgraphs than it may appear from still photographs, and its value is
normally well defined because of the small slope of the boundary of the top of the
flow following the head.

A series of measurements was also made in a tank 180 em long, 10 cm wide and
20 cm high using a modified lock exchange in which gravity currents of low frac-
tional depth %,/h, were generated. In this lock-exchange method the lock was only
filled to a fraction 1/n of its depth with the denser fluid, and the rest filled with the
less dense fluid. In some of the experiments to be described measurements were made
with » = 1, 1-5, 2, 3, 4 and 5, obtaining velocities of advance and head-heights for
values of h,/h, varying between 0-33 and 0-05. The shadowgraphs in figures 1 and 4
show flows near the extremes of the range. Figure 4 (plate 2) shows a lock-exchange
flow with n = 1 and with a central gate as described by Yih (1965). The front has
already advanced a distance of about 28 em (between 5 and 6 times the depth of the
lock) from the former position of the gate at the left of the photograph, but earlier
both the main interface and the top of the head were unsteady and indistinct. The
value of %,/h, shown here is 0-33, the largest value obtained in our experiments, and
it is of interest to note that Benjamin (1968) suggested that flows with %,/A, in the
range 0-5-0-347 would be impossible to produce experimentally. Figure 1, already
referred to in § 1, shows a lock-exchange flow in which the initiating lock was filled
to a quarter of its depth with the denser liquid. The value of %,/h, is 0-06, and the
total head height is 4-5 times the depth of the following flow.

3. Experimental results
3.1. Velocity measurements

An experimental solution to the question raised in §1 as to what is the velocity of
advance of the gravity current head in terms of the density difference and character-
istic length scales is shown in figure 5. The velocity of advance has been made non-
dimensional by forming the Froude number U, /(¢'k,)* and is plotted as a function of the
fractional depth %,/k,. The open symbols are data from the steady-state experiments
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F1GURE 5. Experimental values of the Froude number U,/{(g’h,)?, based on the depth of the
following steady flow, plotted against hy/h,, the fractional depth. O data points from steady-
state apparatus. @ data from modified lock-exchange experiments. The theoretical curves for
the non-dimensional volume flux ¢ = Qg’/U3 = 0, 0-1 and 0-2 are also plotted. The dashed line
is a theoretical curve from Benjamin (1968) for a flow with no mixing at the gravity current
head and with the stagnation point on the ground.

while the closed symbols are from the modified lock-exchange flow, and no
systematic differences appear between the data obtained from the two experimental
techniques. The Froude number is seen to decrease with increasing fractional depth
from about 1-3 at hy/h, ~ 0-05 to about 0-75 at h,/h, ~ 0-3, and error estimates are
included as the two perpendicular bars about one of the data points. The lower limit
to the range of 2,/h, is set by the difficulty of keeping the Reynolds number large
while attempts to form a flow at a larger fractional depth than 0-33 were unsuccessful
and this limit has already been commented upon in § 2.

The effects of Reynolds number on the non-dimensional velocity of advance have
been considered in some detail by other authors (Keulegan 1957, 1958; Barr 1967),
who have proposed limits for Reynolds number independence. Unless stated to the
contrary the results presented here are for 5000 > U, h,/v > 500; at smaller Reynolds
numbers we observed that the non-dimensional velocity of advance, the rate of
mixing between the two fluids and the non-dimensional head height 24/, all become
smaller. An alternative Froude number U, /(g'h,)t has been used by some authors;
however this Froude number is less appropriate at small fractional depths when the
total depth of the two fluids becomes less important.
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Froure 6. Values of non-dimensional volume flux ¢ = ¢’Q/U? with fractional depth A,/h;.
O from steady-state apparatus, @ and U, measured through rotameters. il from steady-state
apparatus measurements from velocity profiles as described in the text. [] from dye-patches in
lock exchange flows.

3.2. Mixing rate

The rate of mixing between the two fluids or, more precisely, the rate, @, at which
dense fluid is mixed out of the gravity current by the less dense fluid at the gravity
current head has been non-dimensionalized with g' and U, to form the variable
¢ = Q¢' /U2 and plotted against the fractional depth in figure 6. The open circles are
data taken from the steady-state experiments using the measured values of @ and U},
the closed squares are from steady-state experiments but obtained by integrating the
velocity profile in the lower dense layer. The open squares are taken from lock ex-
change flows by integrating the velocity profile in the lower dense layer where the
velocity profile was determined by timing dye patches. All three techniques are in
reasonable agreement but are subject to large errors indicated by the perpendicular
bars. The non-dimensional mixing rate increases from about 0-13 at k,/h, ~ 0-1 to
about 0-25 at h,/h, ~ 0-3.

An alternative non-dimensionalizing of the mixing flux @ is with the velocity of
advance U, and the length scale A, to form @/U, k,. But as Q/h, is a mean velocity of
dense fluid arriving at the gravity current head, an ‘ overtaking velocity ’ Uy, the mixing
at the gravity current head may be expressed as the velocity ratio U,/U,. This ratio
was found to be nearly independent of &,/k, with a mean value of U7,/U; = 0-16 + 0-04.
(The 4 refers, here and elsewhere, to + one standard deviation from the mean of the
experimental results.) Thus the mean velocity in the gravity current immediately
behind the gravity current head is approximately } greater than the velocity of
advance of the head. It should be noted that the no-slip condition at the lower boundary
has produced a velocity profile in the gravity current and that the maximum velocity
in the gravity current may be significantly greater than the mean velocity U, + U,.
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Ficurk 7. Values of the non-dimensional head-height h,/h,, plotted against the fractional depth
of the flow. O from steady-state apparatus; @ from modified lock exchange. The theoretical
curves for the volume flow ¢ = g’Q/U% = 0-1 and 0-2 are also plotted. The dashed lines are
replotted from the work of Keulegan (1957). The line through the point K is at hy/h, = 1-186,
the mean value quoted by Keulegan for all his experiments.

3.3. Head height

The mixing process at the gravity current head has a characteristic vertical extent hq
and this results in a mixed zone behind the head and above the following gravity
current of depth k, also. The measured depth of this region has been non-dimension-
alized with A, and is plotted in figure 7 as a function of the fractional depth h,/h,.
This non-dimensional head height decreases from over 3-0 at h;/h, ~ 0-05 to about 0-6
at hy/hy ~ 0-3. The open circles were obtained in the steady-state apparatus and the
closed circles in the modified lock-exchange flow and there is no systematic difference
between the flows outside the estimated experimental error shown by the perpendicular
bars.
3.4. Velocity and salinity profiles

Profiles of mean velocity and mean salinity were made behind the gravity current
head and a typical velocity profile is shown in figure 8. This profile is subject to error
near zero velocity where poor linearization and small temperature changes make
accurate velocity measurements difficult. Fortunately the velocity profile may be
checked for its general form with dye-tracer experiments, a knowledge of the flux of
dense fluid flowing into the gravity current head and the requirement of a no-slip
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Fiqure 8. Velocity profile measured behind a gravity current head maintained in a steady state.
Total depth A; = 98 cm. The depth k, of the saline flow towards the gravity current head is
2-4 cm and the total head height (hy+&,) is 5-0 cm. (py—p,)/p, = 0:004 and U, = 27 em s~1,

condition at the lower surface. The depths %, and (hy+k,) are taken from visual
observations. The total depth, 4,,is 9-8 ¢cm, the depth, &,, of the saline flow (the gravity
current) is 2-4 em and the total head height (A;+ %,) is 5:0 em. The uniform mean
velocity, U;, approaching the gravity current head is 27 em/s. The profile clearly
shows a region above the head (of unmixed ambient fluid) with a nearly uniform
velocity of 4-0 cm /s and below this is a mixed layer where the velocity decreases to
near zero. The lowest layer is the gravity current proper of unmixed dense fluid in
which the velocity profile indicates a maximum velocity of 0-8 cm/s of dense fluid
approaching the stationary gravity current head. Close to the lower boundary is a
reverse flow of dense fluid back along the moving wall at a maximum velocity equal
to the wall velocity of 2:7 em/s.

There is a net volume flux of dense fluid travelling towards the stationary gravity
current head and to maintain a steady state this must equal the flux of dense fluid
convected away from the gravity current head in the mixed region. If we revert to
axes which have the lower wall stationary and the ambient fluid at rest, we see a
gravity current head moving to the left at 2-7 cm/s, followed by a gravity current
with a maximum velocity of 2:7+ 0-8 = 3-5 cm /s. Integration of this sketched velocity
profile over the gravity current gives a total volume flux per unit width of dense fluid
into the gravity current head of 1-17 em?/s of which 0-22 cm?/s is carried forwards
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only to be reversed back under the gravity current head near the lower boundary.
This fluid occupies about the lower third of the gravity current. The volume flux per
unit width of dense fluid into the gravity current head to be subsequently mixed with
the less dense fluid is the difference @ = 0-95 cm?/s giving Qg’'/U} = 0-19 and
Q/Uyky = U,/U, = 0-15. Thus the volume flux per unit width of dense fluid into the
gravity current head is approximately 5@ /4 of which Q/4 is reversed back under the
gravity current head and @ is mixed with less dense fluid at the top of the gravity
current head.
Several velocity profiles were best fitted to the form

where U (%) is the mean velocity in the mixing region a height % above the upper surface
of the gravity current. This surface, the origin for the velocity and salinity profiles,
was determined visually. Similarly the density profile which is constant at p, above
the mixing region and constant at p, below the mixing region was fitted to a curve

of the form
Oh) _ ({_E\"
co~{-%)" *

where C(h) is the concentration of the more dense fluid and 1 — C(k) the concentration
of the less dense fluid. We deduced m = n = 4 as the best fit to our data. The flux of
the denser fluid mixed at the gravity current head and swept back behind the head
may be estimated by integrating the product of velocity and concentration fields to
give

i by Ulhs). (3)

Q= Ginmintn

From figure 5, by = 2:6 cm and U(h,) = 40 cm/s yields @ = 0-92 cm/s, which com-
pares favourably with the estimate of @ = 0-95 cm?/s from the integrated velocity
profile in the gravity current.

3.5. Height of foremost point

A vprincipal difference observed between a head advancing over a with-slip surface
and one advancing over a no-slip surface is that in the latter the foremost point of
the head is slightly elevated above the surface as shown by the indicators in figures
1, 3 and 4. This raising of the foremost point (and the lobe and cleft structure) has
been observed in flows at very high Reynolds numbers, e.g. atmospheric sea-breeze
fronts, haboobs (see Lawson 1971 and Turner 1973, figure 3.14). It was, in fact, the
similarity in shape and apparent structure of the large-scale phenomena and the
laboratory experiments that has stimulated the present study. The ratio of the height
of the elevated foremost point to the total height of the gravity current is then a
convenient shape parameter with which to consider the influence of scale (that is,
Reynolds number). The Reynolds number was formed from the height of the head
of the gravity current, h;+ h,, and the velocity of advance of the gravity current
head, U,. This selection allows comparison with other existing data although a Rey-
nolds number based on the depth of A, rather than A;+ &, is probably more funda-
mental. (They only differ by a factor of about 2.)
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Ficure 9. The variation of nose height, h;, of a gravity current head with Reynolds number.
kg is normalized with the total head height (hs+h,) and Re = U,(hy+h,)/v. The dashed line is
from Simpson (1972). A, [J and K are from the works of Braucher (1950), Wood (1965) and
Keulegan (1958). @ is an atmospheric result from Lawson (1971).

The data plotted in figure 9 are taken from all our measurements (with no systematic
differences between the results from the two techniques) together with data deduced
from Braucher (1950), Keulegan (1958) and Wood (1965). The dashed curve is from
the experiments of Simpson (1972). A single well-documented observation at very
large Reynolds number is taken from Lawson (1971). The results have considerable
scatter but clearly show a reduction in A;/(h; + k,) with increasing Reynolds number.
No dependence of h;/(k;+%,) on the fractional depth was observed. For very small
Reynolds number, less than approximately 10, a head is no longer distinct - an
observation also recorded by Keulegan (1957). The ratio k;/(hg+ h,) decreases from
0-5 to 0-15 between Reynolds numbers of 10 and 103, and above a Reynolds number
of 10% the data might be interpreted as either a continuing decline, given by a con-
tinuation of the empirical curve of Simpson (1972), or as a near constant hg/ (kg + hy).
Keulegan (1958) gives only one measurement of k;/(hs + k,) = 0-13 without specifying
the Reynolds number but states that the shape of the gravity current head is essen-
tially independent of the Reynolds number in the range 7 x 103 to 5-6 x 104, The single
data point from Lawson (1971) at a very high Reynolds number also suggests that
hs/(hy+h,) may be nearly independent of Reynolds number for hy/(h;+h,) S 103,
Further discussion on this point is left until §5.

4. A two-dimensional model of the flow

Our approach is to use the observations of §3 to determine the more important
features of the flow, neglect the influence of the rest and then develop a semi-empirical
analysis requiring a minimum of empirical input.

Our observations, those of Simpson (1972), hypothetical flow fields sketched in
Allen (1970, 1971) and recent experimental work of Winant & Bratkovich (1977)
suggest that the ensemble-averaged flow field relative to a gravity current head is
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F1GURE 10. A two-dimensional model of the flow near a gravity current head in axes which hold
the gravity current head stationary. At AB and FC the velocities are horizontal and the pressure
hydrostatic. O is a stagnation point, U(h), O(h) are the profiles of velocity and concentration
of the dense fluid in the flow close behind the head. U, h, p, refer to velocity, height and density,
respectively.

that shown in figure 10 when the flow is between rigid surfaces. The less dense fluid
approaches the gravity current head with uniform velocity U; and depth , to bifurcate
and flow either side of the head. The three streamlines separating the bifurcating
fluid must meet a streamline from within the denser fluid at O. This last streamline
divides the denser fluid that is reversed along the wall from the denser fluid that is
mixed at the top of the gravity current. A small amount of the less dense fluid is
ingested below the head eventually to arrive at the mixing region at the top of the
head (indicated by the dashed arrow in figure 10). Nearly all the less dense fluid is
accelerated over the head where some of it is mixed with the denser fluid. The surfaces
AF and BC are moving to the right with velocities U;. The velocity and salinity
profiles are shown along a line CKDEF behind the head where the velocities are
horizontal and the pressure hydrostatic.

We now introduce some simplifying assumptions.

(@) The velocity above the head is a constant, U,. Our measurements and those of
BS showed this to be a good approximation over the observed range of h,/A,, that is
0-33 S hy/h;  0-05. At smaller values of h,/k,, this approximation may be poor and
we consider that flow later in this section.

(b) The depth B’B is O(10-1) of the height of the foremost point of the gravity
current head and O(10-2) of the total height of the head. The flux of less dense fluid
flowing under the head is O(10-1) of the dense fluid mixing at the top of the head. Thus
the presence of the over-run less dense fluid may safely be neglected except for its
role in allowing an elevated foremost point of the head.

{¢) In our two-dimensional model the foremost point of the head is taken to be
the stagnation point O, thus following models suggested by Benjamin (1968) and
Allen (1971). We have no analytical justification for this but extensive experimental
work using dye in both fluids does nat contradict the supposition.



Head of a gravity current 489

(d) Both the momentum change of the dense fluid reversed along the lower wall and
the force applied at that wall as the result of shear stress there are small compared
with relevant momentum changes and forces. This is supported by the conclusions
of Abraham & Vreugdenhil (1971).

(e) The energy loss per unit volume along the streamline KO can be neglected com-
pared with, say, pg'h,.

To complete the analysis the following three numerical inputs from experiment
will be required:

(i) The height, A;, of the foremost point. We shall take the ratio &;/(hs+h,) as
0-125, independent of A,/k, and typical of our measurements with U, (ks + hy)/v > 103,

(ii) The shape parameters of the velocity and salinity profiles, using equations (1)
and (2) in § 3.

(iii) The value of the mixing parameter ¢ = g’Q/ U3}, whose measured variation with
fractional depth is shown in figure 6.

The analysis generally follows that of BS wherein the stagnation point O was on
the surface. Bernoulli’s equation is applied along the streamline B'O and KO (the
positions of B’ and K are not required but the velocity at K is assumed uniform at
@/hy), hydrostatic pressure is assumed everywhere that the flow is horizontal, a
momentum balance is carried out on a control volume enclosing the head and the
adjacent flow and the Boussinesq approximation is made. The resulting expression
is

f—22f(1+8)*— 28qf?px(1 + £) 71 — 2¢°f°¢ + ¢*f°
+[1+vA(1—¢) (1+ ) 1[2— ¢ —yBo(1 - $) (1 + Bg)~']

+ B2gpx—2(y2 — 2¢) — 2h;/hy = O, (4)
and application of the continuity equation yields
hifhy = (1+Bg) (1—-¢), hy/hy = B(1-¢)(1+ Bg), (5), (6)
Up/Ur = (1+8)(1+Bg) (1~ ¢), U,/U, = qf, (7), (8)
where f=U%ghy, E=(1-a/B)afd, ¢ =hi/h,

B = qfﬂ—1(1+§)-1’ T = (1+B¢) (1—¢)—1: q= Qg,/U%

hs hs
and alyhy = f Uh)dh, BUyh, = f O(h) U(R)dh,
0 0
3 hs
yhy = f O(hydh, 8UZh, = f Us(h)dh,
0 0

hg
ch? = f hO(h) dh.
1]

Equation (4) is the same as that of BS except for the term — 2/;/k, on the left-hand
side. This term is due to the elevation of the stagnation point O a distance h; above
the surface. The equation (4) is a simple algebraic expression which gives the Froude
number characterizing the rate of advance of the head, ft = U,/(g’h,)t, as a function
of the depth ratio ¢ = h,/h, given the form of the velocity and salinity profiles in the
mixed region and the variation of the position of the stagnation point 2; and the non-
dimensional mixing rate ¢ = @¢'/U?$ as functions of A,/k,. Other length and velocity
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ratios, equations (5)-(8), follow once the Froude number has been determined. To
solve equation (4) the shape parameters «, B, v, & and ¢ were calculated using (1) and
(2) and the ratio h;/(hs + hy) was taken as 0-125, independent of k,/h,.

Solutions for U,/(g'h,)¥ and h,/h, are plotted in figures 5 and 7 for ¢ = 0-1 and 0-2,
again typical of our experimental results. We note that the analysis is for flow between
two rigid surfaces but application to a flow with a free upper surface is direct (see
Benjamin 1968), the error in application being of the order of and generally less than
the fractional density difference. To the accuracy of the Boussinesq approximation
the analysis is applicable to the experimentally simpler configuration of a free surface
at the upper boundary. Good agreement between the analysis and the experiments
is observed, suggesting that the model not only contains the significant physical pro-
cesses but also that they have been adequately modelled.

The interesting case of a head advancing into an effectively infinite depth of fluid
is, unfortunately, difficult to obtain experimentally and it is uncertain whether
U,/(g'hy)? (see figure 5) continues to increase as h,/k, is reduced below the present
minimum experimental value of h,/h, = 0-05. When the depth of the fluid into which
the gravity current head is advancing is very large, equation (4) reduces to

—f+q2f2+2(1+zq —ﬁ) =0, (9)
L B hy
or in dimensional form

— Ui+ Ui+ 29 (hy+vhs —h5) = 0. (10)
The analysis on which this equation is based is, however, inapplicable in this limit
as the assumption of uniform flow above the gravity current head must be poor. An
alternative approach was used in Benjamin (1968) and BS in this limit. By taking
A4 and F (see figure 10) to great heights, assuming hydrostatic pressure along 4B and
FC, using Bernoulli’s equation (with no energy loss) from B’ to O and K to O, requiring
static pressure continuity at O and equal total head at 4 and F the same equations (9)
and (10) are determined directly for the limit k,/h, > 0 without the assumption of
uniform flow above the gravity current head. Assuming that the velocity and salinity
profiles have the same form as k,/h,—> 0, that hy/(hy+h,) = 0-125 as hy/h, >0 and
that ¢ = 01, say, as hy/h; — O (see figure 6), then (10) gives U,/(g'h,)t = ft = 1-50
and hg/hy = qf /B = 2-52. Neither result is inconsistent with an extrapolation of the
experimental data in figures 5 and 7 to k,/h,—> 0.

5. Discussion
5.1. General discussion

The experimental apparatus described in § 2 made possible the study of gravity current
heads in a steady state in isolation from the dynamies of the following gravity current
and enabled several poorly understood aspects of the gravity current head to be
observed in some detail. Intense mixing between the two fluids occurred at the head;
the mixing resulting from a shear instability between the two fluids complicated by
the gravitational instability of less dense fluid near the surface over-run by the head.
The gravitational instability results in an unsteady three-dimensional flow (on the
scale of the head) which has also been observed in atmospheric flows. The over-run
fluid, the associated raising of the foremost point of the gravity current above the
surface and the consequent gravitational instability and unsteady three-dimensional
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flow are all absent when there is no stress at the surface below the head (see BS). In
that flow the mixing between the two fluids was a result of a two-dimensional shear
instability alone.

In both flows, with and without a surface stress, the gravity current fluid is mixed
out of the gravity current at the head, the mixing fluid being left behind the gravity
current head above the following gravity current, forming a thick velocity and density
interface. To maintain a steady state this mixed fluid must be replaced from the
following gravity current, requiring that the mean flow behind a gravity current head
must be faster than the rate of advance of the head itself.

The experiments in the steady-state apparatus and some made with a modified lock-
exchange flow enabled the collection of data over a wide range of the independent
variable h,/h,, that is the ratio of the depth of the gravity current to the overall depths
of the two fluids. Three dimensionless variables, which together characterize much
of the flow near the head, namely U,/(g'%,)}, Q¢’/U} and hy/h,, were determined as
functions of A,/h,. No significant difference was observed between results obtained
with the steady-state apparatus and with the modified lock-exchange flow. The
Froude number, U, /(g'k,)* and the ratio of mixed layer depth to gravity current depth,
hg/hy, though functions of h,/h,, were both of order unity while the dimensionless
mixing rate, Qg’/ U2, appeared to be a weaker function of k,/k,, of order 0-2. The ratio
of the mean over-taking velocity in the gravity current to the velocity of advance
of the gravity current, U,/U, = (Qg’/U?%) (Uy/(g'h,))2, is, thus, also of order 0-2.

Compared with the gravity current head running over a with-slip boundary, the
dimensionless mixing ratio, Q¢'/U}, is larger, the Froude number, U,/(g'k,)}, is
smaller but the depth ratio, Ay/h,, is similar when the boundary is without slip. The
product U, /U, = (Qg'U,) (U,/(g'h,)?)~2 is also similar in both experiments.

5.2. The mixed layer depth

A further aspect of the gravity current head is that although the shear instability be-
tween the two fluids is complicated by the gravitational instability of the over-run
less dense fluid, a shear instability, billow growth and subsequent collapse to fine
structure is still present. This has been observed and photographed (figure 6 of
Simpson 1969), using slit lighting. The shadowgraph, figure 1, also gives an indication
of instability, growth and collapse. The billow structure was quantified for one lock-
exchange flow with b, = 6 cm, %, = 1-4 cm, U; = 2:5 cm s71, and (p,— p;)/py = 0-007.
Twenty-five billow growth patterns were measured. The billows grew to a mean
maximurm billow amplitude of 1-4 + 0-2 ecm. This was also the depth of the mixed
layer, h,. That is, although the coherent billow structure collapsed, a mean velocity
and density profile remained over a depth equal to the maximum billow amplitude.
This was also the case in BS when the shear instability was two-dimensional and more
easily observed. The mean wavelength, A, of the billows was 2-4+ 0-2 cm and the
ratio of these two lengths was 0-6 + 0-1. This is smaller than but close to the ratio of
0-8 + 0-2 observed in BS. Thorpe (1973), in a study of the Kelvin-Helmholtz instability
between fluids of different density, found this ratio to be a function of an initial Richard-
son number, g'l/(AU)?, where I was a length characteristic of the interface thickness
and AU the velocity difference across the interface. The ratio increases to about 0-5
as the initial Richardson number decreases to about 0-05. In the present experiments
and those in BS the initial Richardson number is very small (essentially determined by
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the Reynolds number, it was estimated to be less than 0-01 in both experiments),
and the observed ratio of maximum billow amplitude to wavelength was to be ex-
pected for Kelvin Helmholtz instability with very small initial Richardson number.
The very small initial Richardson number also results in the length scales characteriz-
ing the velocity and density profiles (effectively m and ») being equal (Thorpe 1973).

5.3. Comparison with other work

Probably the most thorough analytical treatment of gravity current heads is that of
Benjamin (1968), which is an inviscid analysis based on the lock-exchange problem
but also includes a solution for a gravity current running under a fluid of infinite depth.
The analysis was for a cavity flow in which the fluids were immiscible but it was sug-
gested that the results at h,/h, = 0 could be extended to miscible fluids if A, was
identified with the densimetric mean height of the fluid behind the gravity current
head, that is taking into account the dense fluid mixed with the lighter fluid at the
gravity current head and then left in the wakelike flow behind the head. Benjamin
gave a solution for the Froude number U, /(g'%,)? as a function of the fractional depth
hy/hy with limits of 2-% at h,/h, = } and 2} at h,/h, = 0. The present analysis reduces
to Benjamin’s when both ¢ = 0 and h;/(h,+ k,) = 0 and a dashed curve corresponding
to this solution has been included in figure 5 for comparison. The experimental results
are less than the analytical result from Benjamin (1968) except at small A,/h,, where
there is some measure of agreement. If A, was identified with the densimetric mean
height of the fluid behind the gravity current the theoretical curve could be even
higher, similar in fact to the experimental curve from BS (see figure 11), giving even
less agreement.

In figure 11 we have plotted the variation of U,/(g'k,)t with h,/h, determined from
the present experiments together with that available in the literature. Abraham &
Vreugdenhil (1971) give details of four lock-exchange experiments made at large
values of h,/h, (a,/a, in their notation) from 0-27 to 0-35 with Reynolds numbers,
U,hy/v, between 14000 and 20000. Their data are plotted in figure 11 and they lie
slightly above our results for the same fractional depth. Keulegan (1958), in a series
of lock-exchange experiments, deduced that U,/(g'k,)* = 1-05 and that the gravity
current head could be usefully described as a separate entity. No variation with /A,
was sought. We have extracted the values of U,/(g'k,)t during four experiments in
which the values of h,/h, are also recorded (table 1, Keulegan 1958), and have plotted
smooth curves through the results in figure 11. (Note that Keulegan used a slightly
different definition of ¢’ but the difference will result in less than a 19, change in
U,/(g'ho)b).

Several other authors have examined the advance of gravity current heads in lock-
exchange flows but have given a velocity of advance non-dimensionalized with ¢’
and the total depth of the two fluids, e.g. Yih (1965), Barr (1967), or with the total
head height (Middleton 1966).

Although the total head height (A, + %,) is the most obvious characteristic length
of the gravity current head both in the laboratory and at larger scales, the ratio of
(hg+ h4) to the depth of the following gravity current is not often reported. Keulegan
(1958) gave a mean value of this ratio to be 2-16 from many experiments at unspecified
fractional depths %,/h, (the mean value of h,/h,, for all his experiments, was about
0-17). The mean of Keulegan’s data, that is (k3 + &,)/h, = 2-16, for h,/h, = 0-17 is in
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Frourg 11. A comparison of the variation of the Froude number U,/(g’h,)} with the fractional
depth h,/h; with the experimental results of other authors. The lower solid curve is the mean
of the data in figure 5. The dashed lines 1, 2, 3, 4 have been constructed from Table 1, Keulegan
(1958). The date M are from Abraham & Vreugdenhil (1971) and @ is from a documented sea-
breeze front (see §5). The upper solid curve is from BS and is for a gravity current running
over a surface with slip.

accord with the data plotted in figure 7. If we replot some of Keulegan’s results to
show the variation of ky/k, with the fractional depth, k,/h,, instead of travel distance,
a clear variation of hy/h, with k,/h, is obtained for a great part of each experiment.
In figure 7 traces from Keulegan’s (1957) figures 28 and 32 show close agreement with
the present results.

5.4. Influence of Reynolds number

Many of the problems to which the results of this paper might be directed (see §1)
are at Reynolds numbers (however defined) of 105 to 10°, outside the range of the pre-
sent laboratory experiments and outside the range of laboratory experiments in
general. It is, therefore, essential to consider in what ways the flow at larger Reynolds
numbers might be different from the laboratory experiments. Keulegan (1957) and
Barr (1967) found that the dimensionless velocity of advance was strongly Reynolds
number dependent for Re ¥ O(10%) and suggested Reynolds number independence
for Re ¥ 0(10%). Keulegan, however, noted that there was still a slight increase in
U,/(g'h,)t with Reynolds number even for Re I O(103). A comparison of the present
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data with that from Keulegan (1957) and Abraham & Vreugdenhil (1971) also indicate
that U,/(g'hy)t increases slightly with Reynolds numbers when Re S 0(10%). The
shape parameters plotted in figure 9, the ratio of the foremost part of the head, &;,
to the overall height of the head, k,+ &,, also shows a strong Reynolds number de-
pendence for Re < O(10%). Above Re ~ O(10%) the data is neither extensive nor
accurate enough to distinguish between a continuing decline in kg/(hy + h,), approxi-
mately proportional to Re—%, or as nearly constant. Reference to the analysis in §4
indicates that a decreasing hy/(hy +h,) With increasing Re would give U,/(g'h,)} in-
creasing slightly with Re. However if h;/(hy+h,)—> 0 as Re—co then, quite apart
from the correctness of the model in §4 the flow will be similar to the inviscid flow
studied in BS with U,/(g’h,)? as given in figure 11. The assumptions and approxi-
mations introduced in §4 must become valid in the limit Re— oo if hg/hy+ hy)—0
also. However the data from Lawson (1971) has hy/(hy+ k) ~ O(1071) at Re ~ O(108),
that is hy/(hs+ h,) is the same at Re ~ O(103) and Re ~ O(108). Other data also indi-
cate that hg/(hy+ h,) is significantly different from zero at very large Reynolds num-
bers, e.g. see the frontispiece to Yih (1965) and figure 3.14 of Turner (1973), where the
consequent lobe and cleft structure is present.

We have compared our experimental results with a large-scale, high Reynolds
number gravity current head — a sea breeze front. A well-documented sea breeze
front was described by Simpson ef al. (1977) as a flow 300 m deep of air 1-4 °C colder
than its surroundings advancing at 3:5 m s~! beneath a sharp inversion at 1400 m.
The inversion was found to be only slightly displaced by the sea breeze flow and its
height will be taken to correspond to k,. Thus with A, = 1400 m, ¢’ = 0-047 m s~3
and h, = 300 m the Froude number U,/(g'h,)}t is 0-93 at a fractional depth of 0-21.
These measurements at a Reynolds number of approximately 108 are consistent with
the experimental results of this paper. The maximum velocity in the flow behind the
sea breeze front was 5 m s and if we assume a velocity profile similar to that in figure
8 then U,/U; = 0-29 and q = Qg'/U3 = 0-35. Both results are larger than but still
comparable to the laboratory results. The ratio of the maximum depth of a sea
breeze flow at the front to the following steady flow was obtained on this and two
other occasions. This ratio was close to 2 so the head height ratio k,/h,, is approxi-
mately 1, which is also consistent with the laboratory results for k,/h, = 0-21 (figure
7). Thus, taken overall, there is a good degree of consistency between the laboratory
experiments and the full scale flow.
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Ficure 1. Shadowgraph of a gravity current head, passing the 100 em mark from a lock ex-
tending from 0 to 20 em, filled to a quarter of its depth with dense fluid. h,/h, is 0-06 and the
total head height is 4-5 times the depth of the following flow. (p,—p,)/p, = 0:008. The arrow
indicates the clevated foremost point.

Fieure 3. Shadowgraph of a gravity current brought to rest in a steady state.
(pa—p1)/p1 = 0-0074; by = 8 e, The arrow indicates the elevated foremost point.
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Ficure 4. Shadowgraphs of gravity current head in lock-exchange flow. Central gate previously
at left-hand edge of photograph. &, = 5cm, (p,—p,)/p; = 0-0074; h,/h, = 0-33. Units are
marked in em. The arrow indicates the elevated foremaost point.
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